We have developed the general grid method for multi-channel scattering of bosonic atoms inside a harmonic waveguide with transverse anisotropy. This approach is employed to analyze elastic as well as inelastic multi-channel confined scattering. For the elastic scattering, the effects of the range and form of interatomic potential and the waveguide anisotropy on the confinement induced resonance are studied. We have also investigated quantitatively the reactive rate constant in confined atom-atom collisions. It is found that a slight anisotropy to the confining trap considerably enhances the reactive rate constant in multi-channel regime.
I. INTRODUCTION
Ultracold low-dimensional atomic gases have been intensively studied over the past two decades [1] [2] [3] [4] [5] . Experimentally, they are fabricated by employing optical traps which can confine the system in one, two or three dimensions [6] . These low dimensional systems now provide an ideal experimental tool to test fundamental problems of few-and many-body physics. The atomic interactions can be tuned in such structures by varying the trap width or with the help of magnetic Feshbach resonance by varying the external magnetic field and thereby one can reach the so-called confinement induced resonance (CIR) which was first predicted by Olshanii [7] .
CIRs were confirmed in several experiments [1-3, 8, 9] . Particularly, in a prominent experiment [9] , CIR properties were studied for an ultracold quantum gas of Cs atoms confined in a quasi-1D geometry with transverse anisotropy. Observed splitting of the peek in atomic losses near the CIR, which repeated the splitting of the binding energy of a two-atomic molecule in transverse excited state [9] , has stimulated different theoretical modeling [10] [11] [12] [13] [14] . Attempts [10, 11] to explain this effect in one-channel pseudopotential approach [7] were not successful. However, a multichannel model [12] , including the contribution of transversely excited channels to the confined quasi-1D scattering process, predicts a splitting in the minimum of atomic transmission curve which is qualitatively in agreement with the observed CIR splitting [9] . Alternatively, a quantitative agreement was obtained in [13] where Sala with co-authors linked the experimentally observed effect with the possibility of two-atomic molecule formation in the center-of-mass (CM) excited states when the trap is assumed to be anharmonic. In this kind of traps, pair atomic collisions can lead to resonant molecule formation in the CM excited states [15, 16] due to the coupling between the relative and CM motions . The model [13] which was dedicated to anharmonic traps was confirmed afterwards in a special experiment for the Li molecule formation in slightly anisotropic and anharmonic traps [14] , but the observed splitting of the transmission due to the anisotropy of harmonic traps [12] still demands theoretical and direct experimental investigations. Therefore, one of the goals of the present work was more profound theoretical study of the multichannel atomic scattering confined in harmonic but anisotropic traps by considering more realistic interatomic potentials of different effective ranges.
For this aim, we applied here the general grid method suggested in [17] to investigate multi-2 channel scattering of identical atoms confined in a transverse harmonic trap. We suggest a modification which makes the method applicable for anisotropic harmonic waveguides. In [12] , an interatomic potential was taken in the form V (r) = −V 0 exp(−r 2 /r 2 0 ) with rather long-range interaction due to chose of rather large scaling parameter r 0 ≈ 5ā, whereā is the appropriate unit of length for the problem. Here, we study the influence of the form of the interaction potential on multi-channel elastic scattering inside an anisotropic harmonic waveguide. A spacial attention was payed to investigate how the CIR can be affected by the form of the interparticle interaction and the strength of trap anisotropy.
Ultracold molecular effects have also attracted a great interest and in order to control them more effectively, we have to understand the reactive collisions of ultracold atoms [18] . Chemical reactions at extremely low temperatures were studied both experimentally [19, 20] and theoretically [21] using a quantum defect model [22] [23] [24] . Idziaszek et. al [25, 26] reported analytic formulas for reactive collision rates inside an isotropic harmonic waveguide. Here, employing our approach we investigate the reactive rates in the presence of an isotropic as well as anisotropic transversal confinement in the case of one-and multi-mode regime, describing the reactive or inelastic part of the short-range interaction as an absorbing potential
Here the energy of the relative two-body motion E = E ⊥ + E is a sum of the transverse
We assume that the interaction potential has the Gaussian
or Van der Waals (C 12 − C 6 )
form, where V 0 and r 0 > 0 show the depth and the screening length of the Gaussian potential, respectively.
It is more convenient to rewrite Eq.(5) in the following rescaled form
with the scale transformation r → r/ā (r 0 → r 0 /ā),
Here Γ(x) shows the gamma function and R vdW = 1/2(2µC 6 / 2 ) 1/4 stands for the Van der Waals radius [27] .
In the asymptotic region |z| → ∞, the transverse trapping potential dominates and the symmetrical (with respect to reflection r → −r) wave function for the bosonic collision can be written as ψ n (r) = cos(k n z)φ n (x, y)
where
and
is the eigenfunction of the 2D harmonic oscillator, corresponding to the transversal eigenen-
φ nx (x)(φ ny (y)) being the eigenfunction of a 1D harmonic oscillator along the x(y) axis.
The scattering amplitude f nn ′ describes transition from the initial n = (n x , n y ) to the final
The summation is over all open channels.
The transmission probability from the initial transverse state n to all possible final open states n ′ in the course of the collision of identical bosons is defined as
The scattering amplitude is related to the 1D S matrix via S nn ′ = δ nn ′ + 2f nn ′ . At zeroenergy limit, it is convenient to parameterize the 1D scattering through the 1D scattering length as a 1D = i(1 + f 00 )/(k 0 f 00 ) [7] , where f 00 shows the scattering amplitude from the initial n = 0 = (0, 0) state to the same final state n ′ = 0 = (0, 0).
If there is an absorbing potential in short range, then the corresponding a 1D becomes a complex value with the imaginary part related to inelastic processes (reactions). The loss mechanism characterised quantitatively by the reactive rate constant K 1D,re . In one dimension, the reactive and elastic collision rates for identical particles in channel n are defined as [28] 
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III. NUMERICAL APPROACH
To obtain the transmission probability and the rate constants, we have to calculate the scattering amplitude f nn ′ by integration of the Schrödinger Eq. (8) with the boundary asymptotic condition Eq. (9) . Due to the anisotropy of the confinement, the scattering problem is non-separable in the three dimensional space (r, θ, φ). To resolve this problem we use the discrete variable method suggested in [29, 30] .
First, we discretize the Schrödinger Eq.(8) on a 2D grid over (θ, φ) variables according to the non-direct product DVR [31] [32] [33] . The idea of this approach is in expanding the desired wave function ψ(r, θ, φ) in the basis orthogonal and complete on the 2D grid Ω j = (θ j , φ j )
Here N = N θ × N φ , where N θ and N φ are the number of grid points over the θ and φ variables respectively. The N × N matrix Y −1 is inverse to the matrix Y defined as
/N φ and λ ′ j being the weights of the Gaussian quadrature over θ. The angular grid points θ j and φ j are defined as the zeros of the Legendre polynomial P N θ (cos θ) and φ j = 2πj/N φ , respectively. The symbol ν represents the two fold index ν = (l, m) and the summation over ν is equivalent to
The polynomialsȲ ν (Ω) are chosen as
where c l ′ l = δ ll ′ holds in general, thusȲ ν (Ω) coincide with the usual spherical harmonics Y ν (Ω) except some higher values of ν so that the orthogonality relation remains
In a few cases involving the highest l values (l ≥ N θ ), Y ν (Ω) have to be orthogonalized.
We address the set of orthogonal basis asȲ lm (Ω). First, for l = N θ we make a polynomial orthogonal to the ones of lower l value
and, we make it normalizedȲ
then, we perform the above procedure iteratively in order to obtainȲ lm (Ω) for the next values of l. Such a way, the above orthogonalization Gramm-Schmidt procedure leads as to the basis (16) which is orthonormal and complete on the grid Ω j for any chosen N.
By substituting Eq. (17) into Eq.(8), we reach to a system of N(= N θ × N φ ) Schrödinger-like coupled equations with respect to the N−dimensional unknown vector u(r) = λ j u j (r)
where I is the unit matrix and
Here x j = r sin θ j cos φ j and y j = r sin θ j sin φ j and the elements u j (r) of the vector u(r)
coincide with the values rψ(r, Ω j ) of desired wave function on the grid points Ω j .
We solve the system of Eqs. (23) on a quasi-uniform radial grid [31] 
7 of N r grid points {r j } defined by mapping r j ∈ [0, R → +∞] onto the uniform grid
with the equi-distant distribution x j − x j−1 = 1/N r . One can achieve a suitable distribution of the grid points for a specific interatomic and confining potential by varying N r and the parameter γ > 0.
Thus, after the finite difference approximation, the initial 3D Schrödinger Eq. (8) is reduced to the system of N r algebraic matrix equations
In the first three equations, the functions u −3 , u −2 , u −1 and u 0 are set to zero by using the left-side boundary condition: u 0 = 0 and u −j = −u j . The last equation for large values of j comes from the right-side boundary condition Eq. (9) at large r by eliminating the unknown scattering amplitudes from Eq. (9) written for a few largest values of r j . We solve this boundary value problem Eq.(27) by using the LU decomposition approach [34] or the sweep method [35] which is adopted to the multichannel atomic scattering in [17] (see Appendix A).
By mapping the calculated wave function at the points z j = r j cos θ j → ±∞ with the asymptotic boundary condition (9) we find the scattering amplitude f nn ′ . In this Subsection we analyze pair atomic collisions in anisotropic waveguides at colliding energies permitting transition between the first three transverse channels with n = (n x n y ) = (00), (02) and (20) . We investigate the influence of the form of interatomic interaction V (r) and the strength of the anisotropy 1 − ω x /ω y on the transmission coefficients T n (E, ω x /ω y ) (13) . Special attention is paid on what found in Ref. [12] , i.e. splitting of the transmission coefficient T 02 (E, ω x /ω y ) in the case ω x /ω y = 1 which can be responsible for the CIR splitting experimentally observed in the ultracold gas of Cs atoms confined in an anisotropic waveguide [9] . parameters V 0 and r 0 which supplyed entering to the area near the point of CIR. As known, CIR was predicted [7] and experimentally observed [9] for an isotropic waveguide However, the minimum of the coefficient T 02 at CIR splits with increasing r 0 . The effect becomes observable for anisotropy ω y /ω x = 1.05 at r 0 ≥ 3.5. So, we can conclude that the CIR splitting occurs only for rather long-range interaction considerably overlapping with the harmonic confining potential. The effect was already observed in [12] where the calculations of the transmission coefficients where performed with the same Gaussian potential (6) but for only one fixed parameter r 0 = 5ā. Fig. 2 illustrates the dependence of the value of the CIR splitting on the strength of the anisotropy by assuming a long-range character (r 0 = 5ā) of the interaction potential V (r) (6) . As the anisotropy increases, the distance between the two minima in T 02 (a ⊥ /s) increases, as well. The same phenomenon is observed in the experimental result [9] , which is also in quantitative agreement with the theoretical modeling in [13] . Squeezing or stretching the confinement along one axis while keeping it constant along the other axis, leads to elimination of the degeneracy between the eigenstates (n x , n y ) = (0, 2) and (2, 0) of the transverse confining potential and increasing the energy splitting between the energy thresholds of these two scattering channels, and hence larger CIR splitting. In Fig. 3 we can see the effect of longitudinal energy E on the behaviour of transmission curve T 02 (E, a ⊥ /s) for a considerable anisotropy in transversal confinement ( We have also analyzed the problem with more realistic C 12 − C 6 interaction, i.e. van der Waals potential. For the pair of 133 Cs atoms the parameters of the van der Waals potential are C 6 = 6890 a.u. , R vdW = 101a 0 ,ā = 96.55a 0 (where a 0 is the Bohr radius). In this case, the units of the problem becaomes E 0 = 8.8 × 10 −10 E h ,and ω 0 = 2π × 5.7 × 10 3 kHz.
In Fig. 4 we present the calculated curve T 02 (E, a ⊥ /s) of the transmission coefficient for a fixed value of ω x /ω y = 1.1. As it can be seen, only for very tight traps, the minimum is splitted. In this respect, one can evaluate the van der Waals potential as a very short-range interaction that can lead to the CIR splitting only in the case of its overlap with a very tight harmonic confinement. The form of the splitting in the case of C 12 − C 6 interaction (7) is considerably different from the case of Gaussian interaction (6).
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B. Inelastic scattering
In this Subsection we analyze the case where chemical reactions occur at short distances that leads to inelastic scattering. Here we consider collision of two particles interacting via the C 12 − C 6 van der Waals potential plus an imaginary term like −iV i exp(−r 2 /r 2 i ) at short distances of the order r i , which models the loss mechanism due to presence of the inelastic channel of a molecule formation. This process happens at distances much smaller than the length scale associated with the long range Van der Waals potential,ā. Here we have chosen r i = 0.4ā in order to reproduce the complex scattering length presented in [21] where they used this value to compute the s-wave reactive collision rate for 40 K 87 Rb molecules and found it compatible with the corresponding experimental data on [20] .
The scattering process can be parametrized by using two dimensionless quantum defect parameters 0 y 1 and s , where y (determined here by V i and r i ) is related to the short range reaction probability via P re = 4y/(1 + y) 2 [25] and s represents the dimensionless 3D
scattering length in the absence of any loss process. In general, the phase shift δ 0 of the s-wave scattering process in free space becomes a complex numberδ 0 leading to the complex scattering lengthã = α − iβ defined asã = − lim k→0δ0 (k)/k. In Fig. 5 we have plotted complex scattering length (ã = α − iβ) in free space obtained at the numerical integration of Eq. (8) with ω x = ω y = 0 along with the corresponding analytical values for comparison. Our results are in a good agreement with the analytical results which at the low energy limit is a function of y and s (in units ofā) [21] 
In Fig. 6 we present the calculated real and imaginary parts of the complex scattering length a = α − iβ = −1/a 1D inside an isotropic harmonic waveguide for various loss parameters, where a 1D = ik 0 f 00 /(1 + f 00 ) is the quasi-1D scattering length (see the definition after Eq. (13)). When there is no absorption (y = 0), α exhibits a resonance at a ⊥ /s = 1.46. But in the presence of absorption (y = 0), the behaviour of α changes dramatically and there is no divergence at a ⊥ /s = 1.46, hence the resonance becomes less pronounced and disappears gradually by incresing y. The strongest loss occurs at the maximum value of β which is located at the CIR position. In Fig. 7 In Fig. 8 we present the one dimensional scattering length (a 1D =α + iβ) which we have obtained numerically for a slight anisotropy η = ω x /ω y = 1.05 and y = 0.3 along with the values predicted by the following formula [10] , for comparison
Here,s is a complex number for the 3D scattering length in the presence of a loss mechanism and we have assumed C(η = We show the effect of adding a slight anisotropy on one dimensional scattering length in Fig. 9 . The energy is assumed to be very small, just above the first channel energy threshold.
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As it is observed, when the anisotropy is raised a little bit, it does not have a great effect on the real part of the scattering length (α) and it can only result in a small increase of the imaginary part (β) mainly around the CIR position (a ⊥ /s = 1.46). 
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The anisotropy effect on the reactive rate when there is only one open channel differs from the case of two open channels. We illustrate this phenomenon in Fig. 10 , when the initial energy of the system is slightly above the last open channel threshold. When only one transversal harmonic state is involved, there is no considerable impact on K re ( Fig. 10 (a)). But for the multichannel scattering, as it can be seen in Fig. 10 (b) , anisotropy yields a considerable increase in the K re value. However, the maximum appears around s = 0 for both cases.
V. CONCLUSIONS
We have developed the computational scheme for ultracold multichannel processes in 
and γ j = λ j r j φ ne (x j , y j ) e ikn e |z j | e −ikn e |z j | cos(k q z j ) φ q (x j , y j ) φ ne (x j , y j )
− e −ikn e |z j−1 | cos(k q z j−1 ) φ q (x j−1 , y j−1 ) φ ne (x j−1 , y j−1 ) (1 + W 
where q and n e refer to the initial transverse state and the highest open channel, respectively.
We define the following relations χ j = e i(k ne −1 −kn e )|z j | φ ne−1 (x j , y j ) φ ne (x j , y j ) − e i(k ne−1 −kn e )|z j−1 | φ ne−1 (x j−1 , y j−1 ) φ ne (x j−1 , y j−1 ) η j = e i(k ne −2 −kn e )|z j | φ ne−2 (x j , y j ) φ ne (x j , y j ) − e i(k ne −2 −kn e )|z j−1 | φ ne−2 (x j−1 , y j−1 ) φ ne (x j−1 , y j−1 ) (1 + χ j χ j−1 ) + χ j χ j−1 e i(k ne−2 −kn e )|z j−2 | φ ne−2 (x j−2 , y j−2 ) φ ne (x j−2 , y j−2 )
In the case of three open channels, the highest open channel is (n ex , n ey ) = (2, 0) and we
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while for two open channels, (n ex , n ey ) = (0, 2) and
finally single channel regime, (n ex , n ey ) = (0, 0)
